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Problem 1. Find the limit lim
x→1

1

1− x
− 2

1− x2
.(10 points)

Solution. We have

lim
x→1

(
1

1− x
− 2

1− x2

)
= lim

x→1

(
1

1− x
− 2

(1 + x)(1− x)

)
= lim

x→1

(1 + x)− 2

(1 + x)(1− x)
= lim

x→1

x− 1

(1 + x)(1− x)

= lim
x→1

−1

1 + x
= −1

2
. �

Problem 2. Find the limit lim
x→1

(1− x) tan
πx

2
.(10 points)

[Hint: cosx = sin(
π

2
− x).]

Solution. We have

lim
x→1

(1− x) tan
πx

2
= lim

x→1

(1− x) sin πx
2

cos πx2
= lim

x→1

(1− x) sin πx
2

sin(π2 − πx
2 )

= lim
x→1

1− x

sin π
2 (1− x)

· sin πx
2

= lim
x→1

2

π

π
2 (1− x)

sin(π2 (1− x))
lim
x→1

sin
πx

2

=
2

π
· 1 =

2

π
. �

Problem 3. Show that there is a root of the equation x3 − 3x+ 1 = 0 in the interval (−2,−1).(10
points)

Solution. Let f(x) = x3 − 3x + 1, then we have f(x) is continuous in the interval [−2,−1] and
f(−2) = (−2)3−3×(−2)+1 = −8+6+1 = −1, and f(−1) = (−1)3−3×(−1)+1 = −1+3+1 = 3,
so we know that f(−2) < 0 and f(−1) > 0, hence by the intermediate value theorem, f has a root
in the interval (−2,−1). �

Final Score:
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Problem 1. Find the limit lim
x→ 1

2

1

1− 2x
− 3

2− 2x− 4x2
.(10 points)

Solution. Note that

lim
x→ 1

2

(
1

1− 2x
− 3

2− 2x− 4x2

)
= lim

x→ 1
2

(
1

1− 2x
− 3

2(1− 2x)(1 + x)

)
= lim

x→ 1
2

2(1 + x)− 3

2(1− 2x)(1 + x)

= lim
x→ 1

2

1

2(1 + x)
= −1

3
. �

Problem 2. Find the limit lim
x→−1

(x+ 1) tan
πx

2
.(10 points)

[Hint: cosx = − sin(
π

2
+ x).]

Solution.

lim
x→−1

(x+ 1) tan
πx

2
= lim

x→−1

(x+ 1) sin πx
2

cos πx2
= lim

x→−1

(x+ 1) sin πx
2

− sin(π2 + πx
2 )

= − lim
x→−1

x+ 1

sin π
2 (1 + x)

lim
x→1

sin
πx

2
= − lim

x→−1

2

π

π
2 (x+ 1)

sin π
2 (1 + x)

lim
x→−1

sin
π

2
x

= − 2

π
· (−1) =

2

π
. �

Problem 3. Show that there’s a root of the equation sin 2x = x2−2 in the interval (0, 2).(10 points)

Solution. Let f(x) = sin 2x− x2 + 2, then a root of the equation sin 2x = x2 − 2 would be a root of
the function f(x). Now f is continuous in the interval [0, 2], f(0) = 2 > 0 and f(2) = sin 4−4+2 =
sin 4− 2 < 0, hence by the intermediate value theorem, f(x) has a root in the interval (0, 2). That
is, the equation sin 2x = x2 − 2 has a root in the interval (0, 2). �

Final Score:


